We introduce matter-wave vector azimuthons, i.e., spatially localized vortex states with azimuthal modulations of density, in multicomponent Bose-Einstein condensates. These localized states generalize spatially modulated vortex solitons introduced earlier in nonlinear optics ͓A. S. Desyatnikov, A. A. Sukhorukov, and Yu. S. Kivshar, Phys. Rev. Lett. 95, 203904 ͑2005͔͒ and Bose-Einstein condensates ͓V. M. Lashkin, Phys. Rev. A 77, 025602 ͑2008͔͒. We find, numerically, nonrotating and rotating two-component azimuthons in a BoseEinstein condensate with a negative scattering length confined by a quasi-two-dimensional parabolic trap.
I. INTRODUCTION
The study of nonlinear localization effects, in particular high-dimensional spatial solitons and solitons with nontrivial phase, had made significant progress in the two fastdeveloping areas of physics: nonlinear optics and nonlinear atom optics. Due to the similarities between the physics of coherent light waves propagating in a nonlinear medium and coherent matter waves derived from weakly interacting Bose-Einstein condensates ͑BECs͒ of neutral atoms, many theoretical concepts developed in the field of nonlinear photonics have found their analogs and received verification in experiments with matter waves ͓1͔. In this paper, we deal with one of such cross-disciplinary concepts which has important physical implications for the behavior of trapped ultracold atomic gases in quasi-two-dimensional ͑2D͒ confining geometry.
In optics, the self-trapping of light in two transverse dimensions leads to the formation of spatial optical solitons ͓2,3͔. Higher-order solitons exhibit complicated power flow associated with phase singularities and spatial twists ͑spiral-ing͒ ͓4͔. Two well-known examples are vortex solitons ͓5͔ and rotating soliton clusters ͓6͔. The link between vortices and clusters was established with the introduction of a novel class of spiraling solitons called optical azimuthons ͓7͔. Azimuthons appear via continuous azimuthal deformations of a vortex soliton and are characterized by two integer indices: the topological charge, l, and the number of intensity peaks along the vortex ring. The concept was recently extended to the nonlocal model ͓8,9͔ and the physics of BECs with attractive interatomic interactions ͓10͔. Azimuthons were found in BECs as stationary solutions to the mean-field Gross-Pitaevskii model in a rotating coordinate frame. It was demonstrated numerically ͓10͔ that the family of nonrotating and rotating BEC azimuthons is continuously parametrized by the angular velocity or, equivalently, by the depth of azimuthal modulation of the condensate density.
The interaction of several species of atoms, in the meanfield picture, is analogous in nonlinear optics to the fourwave mixing process and cross-phase modulation ͑XPM͒ ͓3͔. The XPM-mediated interaction between mutually incoherent or orthogonally polarized waves leads to the formation of bound states known as vector solitons, such as rich set of vector spatial solitons including vortices ͓11͔, dipoles ͓12,13͔, and multipole-mode solitons ͓14͔. Since azimuthons constitute a link between vortex solitons and other types of nonlinear localized excitations without a topological charge, it is natural to seek localized coupled multispecies BEC states with azimuthal modulation and rotation, in direct analogy to higher-order vector optical solitons.
In this paper, we introduce the concept of vector azimuthons, where two interacting components of the spatially localized structure coexist with nontrivial phases and different modulation patterns. Specifically, we demonstrate how to realize this concept in the physical system of two-species BECs in a quasi-2D parabolic trap. Until now, the main focus of the studies of stationary states in two-component rotating BECs ͓15͔ was on stationary ground-state configurations of the condensates with interatomic repulsion in a rotating parabolic trap, as observed in the pioneering experiments ͓16͔. However, current advanced techniques of angularmomentum transfer from an optical field directly to a twocomponent matter wave ͓17͔ open up novel opportunities for engineering more complex vector angular-momentum states in the condensates with any type of the interatomic interaction, including vector azimuthons presented and analyzed in this paper.
The paper is organized as follows. In Sec. II, we describe our model that governs the dynamics of a binary mixture of BECs in a parabolic trapping potential. The lowest-order vector azimuthons, with one of the components in the ground state, are described in Sec. III. The dynamic stabilities of the rotating and nonrotating bound states of fundamental soliton and dipole azimuthon are studied numerically in Sec. IV. The azimuthon-azimuthon bound states are discussed in Sec. V. Finally, Sec. VI concludes the paper.
II. MODEL
We consider a binary mixture of BECs, consisting of two different spin states of the same isotope, loosely confined by a parabolic magnetic trap in ͑x , y͒ dimensions and tightly confined in the transverse z dimension, with the respective trapping frequencies ⍀ and ⍀ z . Assuming that the energy of the mean-field interaction is much smaller than the characteristic energy of the transverse confinement, the mean-field model for such a "pancakelike" configuration takes an effectively 2D form, following the standard dimensionality reduction procedure ͓18͔
where ٌ Ќ 2 is the two-dimensional Laplacian and V ϵ V͑x , y͒ = x 2 + y 2 is the trapping potential. All the variables in Eq. ͑1͒ are made dimensionless by measuring the time, length, and the wave function in units of 2 / ⍀, a = ͱ ប / ͑m⍀͒, and a −3/2 , respectively, with m being the atomic mass. The wave function in the transverse dimension is assumed to be that of a ground state of the quantum harmonic oscillator with the frequency ͱ 2⍀ z / ⍀, normalized to 1. The dimensionless nonlinear coefficients, g ij =4 ͱ 2͑a ij / a͒, are proportional to the interspecies ͑i j͒ or intraspecies ͑i = j͒ scattering lengths, a ij , and = ⍀ z / ⍀ӷ1 is the aspect ratio of the trap.
III. STATIONARY VECTOR STATES
In what follows, we will seek solutions of Eqs. ͑1͒, which are stationary in the frame rotating with the angular velocity . Thus, in polar coordinates ͑r , ͒, we have ͑j =1,2͒,
where j are the chemical potentials of the respective condensate components. Correspondingly, in Cartesian coordinates, the time-independent equations for the stationary states are
In order to simplify the calculations, we further reduce the parameter space of the problem by noting that for the spin states of the same atomic species g 11 = g 22 = g and rescaling the wave function as ⌽ j → ͱ g⌽ j . The interspecies interaction coefficients are equal and, without loss of generality, are assumed to take the values g 12 = g 21 = g / 2, which corresponds to an attractive type of nonlinear interaction. Furthermore, we neglect the spin dynamics ͑assuming magnetic trapping͒ so that the interaction conserves the wave function norms N j ͑j =1,2͒,
which define the partial number of atoms N j = N j / g. In order to find nontrivial two-component stationary states of the system, we invoke the formalism for the description of single-component azimuthons, which is well developed in nonlinear optics ͓4͔. Namely, we assume that each component is characterized ͓11͔ by an integer topological charge of phase dislocation ͑vortex͒ l j and the azimuthal envelopes with even number of peaks along the vortex ring can be described as ͓14͔
where = − t. 
We begin with the lowest-order solution of Eqs. ͑2͒ with a bell-shaped ͑ground state͒ density of the first component characterized by l 1 = 0. Such a state can exist in a singlecomponent case in the form of a spatially localized excitation, a 2D matter-wave soliton. The second component has nonzero topological charge and we take l 2 Ͼ 0 for definiteness. Then, for different values of the chemical potentials, j , we find stationary solutions in the form of solitonazimuthon pairs. By changing , one can find the azimuthons with arbitrary p j and, therefore, there exists a continuous family of azimuthons parametrized by p j . Some of the solutions with l 2 = 1 are presented in Fig. 1 . Corresponding families of these dipole-type vector azimuthons are shown in Fig.  2 as the dependencies of the norm of the condensate wave function ͑or number of atoms͒, N j and N = N 1 + N 2 , on the chemical potential 1 in the soliton component. One can see that, as expected for a higher-order nonlinear localized state, there is a nonzero critical value of the total number of atoms in the system that supports the existence of the solitonazimuthon pair. This critical value is lower for the states with lower angular velocity.
In addition to the dipole-type azimuthons with l 2 =1, we also show in Fig. 3 an example of quadrupole-type solutions with l 2 = 2. Note that, as the result of coupling with the azimuthon component, the density of soliton component ͉⌽ 1 ͉ is not radially symmetric. The phase of the quadrupole component arg ⌽ 2 in Fig. 3 also clearly shows double topological charge with phase growing by 4 around the origin.
Families of soliton-azimuthon states with different l 2 can be compared using dependencies of the angular velocity, , on the modulation parameter p 2 . Such dependencies for soliton-azimuthons with two and four density peaks, described above, are shown in Figs. 4͑a͒ and 4͑b͒ for fixed 1 = −2 and different values of 2 . If we choose the topological charge to be negative, l 2 Ͻ 0, the family parameters remain the same with angular velocity and corresponding angular momenta reversing their directions, i.e., the mirror symmetry → − in Fig. 4 . This numerical observation can be supported by the following derivation using ansatz Eq. ͑3͒: we note that the only term in Eqs. ͑2͒ which is sensitive to the sign of the topological charge is −i‫ץ‬ ⌽ 2 ϳ −il 2 ͓−sin͑l 2 ͒ + ip 2 cos͑l 2 ͔͒. Therefore, the solutions with l 1 = 0 are degenerate with respect to combinations of the twist directions which leave the product l 2 invariant.
IV. STABILITY OF SOLITON-AZIMUTHON STATES
In this section, we address numerically the stability of the soliton-azimuthon solutions with l 2 =1 ͓20,21͔. To this end, we solve the dynamic Eqs. ͑1͒ with the initial conditions given by our computed stationary states with added azimuthal perturbation ͑for both components͒. Namely, the initial condition was taken in the form ⌽͑1+i sin ͒, where ⌽ = ͑⌽ 1 , ⌽ 1 ͒ is the numerically calculated solution of Eqs. ͑2͒, is the polar angle, and the parameter of perturbation = 0.01. In what follows, we fix the chemical potential corresponding to the soliton component at 1 = −2.
First, we consider the case of a strong azimuthon component N 2 Ͼ N 1 . In this case, the dipole deformation of the nonlinearly induced effective potential, arising due to the confining trap and the nonlinear interaction between the components, can lead to modulational instability and the break up of the vector azimuthon ͓see Fig. 5͑a͔͒ . However, the stability of vector states is strongly affected by the FIG. 1. Localized soliton-azimuthon solutions of Eqs. ͑2͒ with topological indices l 1 = 0 and l 2 = 1 for 1 =−2 ͑N 1 = 10.3͒ and 2 =3 ͑N 2 = 4.3͒. The differences between the two cases ͑a͒ and ͑b͒ are defined by the angular velocity and the modulation parameter p 2 , namely, ͑a͒ = 0.13, p 2 = 0.28, and ͑b͒ = 0.23, p 2 = 0.72. All quantities are in dimensionless units. . ͑Color online͒ Dependence of the angular velocity on the modulation parameter p 2 for 1 = −2 and 2 =1 ͑squares͒, 2 =2 ͑circles͒, and 2 =3 ͑triangles͒ for two families of coupled soliton-azimuthon pairs ͑a͒ ͑l 1 , l 2 ͒ = ͑0,1͒ and ͑b͒ ͑l 1 , l 2 ͒ = ͑0,2͒. All quantities are in dimensionless units. amount ͑depth͒ of azimuthal modulation and the angular velocity. Keeping the same value of 2 = 0.5 as in Fig. 5͑a͒ but increasing the modulation depth to p 2 = 0.84 ͑which leads to faster angular rotation, in accordance with Fig. 4͒ allows us to obtain a remarkably stable state, which survives for more than hundred periods of rotation ͓see Fig. 5͑b͔͒ .
Alternatively, the stability domain can be reached by decreasing the number of atoms in the dipole component, as demonstrated in Fig. 6 for the stationary states with 1 =−2 and 2 = 3. As seen in Fig. 2͑b͒ , this case corresponds to a stronger soliton component N 1 Ͼ N 2 . As a result, the effective potential experienced by the condensate components is bellshaped and supports both the nonrotating dipoles, as in Fig.  6͑a͒ , and the rotating azimuthons, as in Fig. 6͑b͒ . In our simulations, we find that soliton-azimuthon pairs with 2 = 3 are stable for 0 Յ p Յ 1 and all corresponding values of .
V. HIGHER-ORDER VECTOR AZIMUTHONS
In addition to the lowest-order soliton-azimuthon pairs, we can also find solutions of Eqs. ͑2͒ in the form of azimuthon-azimuthon pairs with l j 0 and the same but different j and, therefore, different p j . Two examples are shown in Fig. 7 : the dipole-dipole pair in ͑a͒ and the dipolequadrupole in ͑b͒. Note that the density peaks of both components coincide, thus the total induced potential is strongly azimuthally modulated. This observation suggests that such states are supported only by the parabolic trapping potential because without the trap, by analogy with optical dipole beams in a bulk self-focusing medium, the mutual repulsion of the out-of-phase density peaks would lead to their breakup. It remains to be explored whether the azimuthal vector states can be stabilized by the rotation, as in the case of scalar azimuthons ͓7͔.
In general, the simultaneous transformations l 1,2 → −l 1,2 lead to the degeneracy → −, as noted above for the soliton-azimuthon pairs with l 1 = 0. However, the states with the opposite topological charges, for example, ͑+1,+1͒ and ͑+1,−1͒, are essentially different because the two components have different angular momenta. This difference was noted for the so-called necklace-ring vector optical solitons ͓22͔ in the nonrotating bulk nonlinear media ͑ =0͒. The analogs of these states can be found in a symmetric system ͑2͒ with g = 1 and for equal absolute values of the topological charges, ͉l 1 ͉ = ͉l 2 ͉, and 1 = 2 . In particular, while the linear stability problem of such states with equal charges, l 1 = l 2 , can be reduced to the stability of a scalar vortex state, the solutions with zero angular momentum for l 1 =−l 2 are much more robust ͓23,24͔. Our numeral results also confirm that azimuthon-azimuthon states in Fig. 7 exist only if the difference ͉ 1 − 2 ͉ is not too large, which suggests that they belong to a family of localized states similar to the vector necklace-ring solitons ͓22,25͔.
An important aspect of vector azimuthon-azimuthon states is the fact that, in contrast to the partial number of atoms, N j , the partial angular momenta, M j , are not conserved during the time evolution and the integral of motion is the total angular momentum M = M 1 + M 2 . During the evolution, the azimuthon components can exchange angular momenta, as previously described for the single vortex states in two-component BECs with repulsive interactions ͓26͔. This phenomenon leads to the dynamic topological transformations known as charge flipping ͓23͔.
VI. CONCLUSIONS
We have generalized the concept of azimuthons, vortex solitons with modulated amplitude, to the two spatial components with different angular momentum and modulation amplitude and demonstrated the existence of stable vector azimuthons in two-component Bose-Einstein condensates. Although the comprehensive description of the existence and the stability domains in the physical parameter space is still in progress, our numerical analysis confirmed the existence of extended families of two-component spatially localized nonrotating and rotating azimuthons in an attractive BoseEinstein condensate confined by a quasi-2D parabolic trap. Similar localized states may be found for the repulsive twocomponent condensates and in three-component optically trapped spinor condensates.
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